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A solution-adaptive grid procedure based on an error equidistribution principle is developed and applied to
a three-dimensional parabolized Navier-Stokes solver. The scheme redistributes grid points line by line in both
crossflow directions, with grid point motion controlled by forces analogous to tensional and torsional spring
forces. The tensional force is proportional to the error measure or a weighting function related to the error
measure. The torsional force is used to control grid skewness relative to the upstream and cross-stream
coordinate lines. Weighting functions are selected by first normalizing flowfield gradients and/or curvature of
a number of dependent variables and then selecting the largest at each point. The hypersonic flow over a
right-circular cone at three different yaw angles is studied to demonstrate the performance of the solution-adap-
tive grid procedure. Pitot pressure profiles and surface pressure computed using the solution-adaptive algorithm
are compared with experimental results as well as with numerical results obtained using a fixed grid. Pitot
pressure predictions using the adaptive grid algorithm show better agreement with experiment than those
obtained using a fixed grid.

Introduction

I N recent years, increasing attention has been focused on
techniques for constructing an optimal numerical grid sur-

rounding the region of interest. A useful grid must provide
clustering in high error regions such as boundary layers and
around shock waves in order to sufficiently resolve these fea-
tures. The use of solution-adaptive gridding enables the grid
and the solution to the field equations to evolve simulta-
neously. As the solution process converges toward a fixed
state, the grid continually adjusts to the evolving flowfield
features, clustering mesh points in regions containing high
solution error.

The present work involves a solution-adaptive grid scheme
for the three-dimensional parabolized Navier-Stokes (PNS)
equations. Solutions using the PNS equations are obtained by
spatially advancing the solution in the marching direction
between constant cross-stream surfaces. The first step in the
solution-adaptive process is to obtain an initial solution on the
cross-stream surface corresponding to the present marching
station. Using this preliminary solution, the mesh is adapted in
both cross-stream directions, clustering grid points in regions
of high flowfield gradients and/or curvature. A refined solu-
tion is then obtained by remarching the PNS solver across the
newly adapted surface. The adapted mesh is projected down-
stream to the next marching station where it is used to obtain
a preliminary solution; then this process is repeated.

Thompson1 and Hawken2 provide excellent reviews on cur-
rent solution-adaptive grid techniques. The method adopted in
the present work to redistribute grid points is similar to the
method of Nakahashi and Deiwert3'4 in which grid point mo-
tion is controlled by forces analogous to tensional and tor-
sional springs set between grid points. The tensional forces are
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a function of the local error measure or weighting function.
The torsional forces relate adjacent grid lines and prevent
relative grid skewness. This method is actually an extension of
the method first introduced by Gnoffo5 and has been used
successfully by Davies and Venkatapathy6 and Djomehri and
Deiwert.7

The solution-adaptive technique used in the present work is
an extension of the two-dimensional line-by-line solution-
adaptive technique of Harvey et al.8 in which only one cross-
flow direction exists. In extending these ideas of a two-dimen-
sional parabolic adaptation routine to a three-dimensional
one, a number of contention issues arise. For example, to
control grid skewness, the torsional force from the upstream
grid line and that from the neighboring crossflow coordinate
line may dictate opposing grid point motion. Grid adaptation
may require excessive point motion, causing the grid to move
too rapidly and become skewed. As a result, the second solu-
tion step of the solution-adaptive procedure becomes un-
stable. The grid must be allowed to move only within pre-
scribed bounds at each marching station. A new method of
formulating skewness control criteria is introduced in this
paper that disallows abrupt and excessive grid point move-
ment so as to permit an uninterrupted second solution step on
a uniform computational slab.

Solutions using the PNS equations are obtained by march-
ing in space rather than time and are therefore obtained much
more efficiently than solutions employing the time-dependent
Navier-Stokes equations. The present PNS solver, developed
by Lawrence,9'10 applies up winding to the parabolized Navier-
Stokes equations using a steady version of Roe's11 approxi-
mate Riemann solver to model the inviscid crossflow numeri-
cal fluxes.

The following section contains a brief description of the
PNS solver. Later sections describe the grid adaptation proce-
dure and present some numerical results obtained using the
solution-adaptive parabolized Navier-Stokes solver.

Flow Algorithm
The present flow solver involves the integration of the PNS

equations, which incorporates a steady version of Roe's ap-
proximate Riemann solver for the modeling of the inviscid
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fluxes. The PNS equations are obtained from the steady-state
Navier-Stokes equations by neglecting streamwise viscous
derivatives and by separating the portion of the streamwise
pressure gradient term that is responsible for introducing ellip-
ticity into the equation. These equations can be written with
respect to a generalized coordinate system as

dE* dF
~^~drj

dG
(1)

The £ coordinate is defined as the streamwise direction, and TJ
and f are the crossflow directions. The quantities F and Cr
represent the crossflow numerical fluxes in the TJ and f direc-
tions, respectively. The superscript asterisk denotes_the omis-
sion of streamwise viscous derivatives. The terms E* and Ep

are the result of employing the Vigneron technique12 to split
the streamwise flux vector. They are defined by
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The vector E* is the resultant streamwise flux, and Ep is the
portion of the original streamwise flux responsible for intro-
ducing ellipticity into the equations through the subsonic
boundary layer. It is shown in Ref. 12 that Eq. (1) is hyper-
bolic-parabolic with respect to the dependent vector £**, pro-
vided that to satisfies the relation

co = mm \ ayMl
L ' l + (7-l)M

where M^ is the Mach number in the £-coordinate direction
and a is a safety factor used to account for nonlinear effects.

Equation (1) is differenced in a conservative manner using
finite volumes. An upwind differencing scheme is used that
evaluates the inviscid fluxes in the crossflow directions
through the solution to a steady version of Roe's approximate
Riemann problem with flow properties averaged at cell inter-
faces using standard Roe averaging (see Ref. 11). This results
in a first-order-accurate inviscid flux, which is then extended
to second-order accuracy following the approach of Chak-
ravarthy and Szema13 in which a second-order generic numer-
ical flux is defined in terms of the first-order flux and antidis-
sipative correction terms. The added terms are limited relative
to one another in order to eliminate the oscillatory nature that
is characteristic of second-order schemes.

The algorithm is made implicit by evaluating the first-order
numerical flux at the n + 1 marching station and by lagging
the second-order correction terms at the nth marching station.
A conventional linearization in £ is then performed and the
resulting system of algebraic equations is approximately fac-
tored to produce an alternating direction implicit (ADI)
scheme.

Adaptation Algorithm
Adaptation Strategy

The method adopted in the present work for redistributing
mesh points at each cross-stream grid surface is analogous to
minimizing the energy in a system of tension springs set be-
tween grid points (see Ref. 5). The tension forces are functions
of an error measure that are represented by gradients and/or
curvature of a selected dependent flowfield variable. In an

effort to reduce grid skewness, this concept was extended by
Nakahashi and Deiwert3'4 to include dependence from neigh-
boring grid points. This additional dependence is analogous to
the application of torsion springs set between grid lines or
surfaces. For the sake of computational efficiency and sim-
plicity, the analogy is applied along each coordinate line sepa-
rately. In this manner, the three-dimensional grid point redis-
tribution process is broken into a sequence of unidirectional
adaptations along each fixed coordinate line in each of the two
crossflow directions. The resulting system of equations for the
final grid point positions along each successive coordinate line
is tridiagonal and can be efficiently solved.

The grid adaptation technique just described is essentially
an error equidistribution method and involves the redistribu-
tion of grid points such that an error measure represented by
a positive weighting function w/ is equally distributed over a
coordinate line,

/ = K (2)

where w/ is the weighting function based on flow properties,
and in the terminology of Refs. 4 and 6, it represents the
spring constant with K as the resultant force. The grid interval
As/ is defined as the distance between adjacent nodal points
along a line of constant computational coordinate.

The weighting function w/ is defined as a function of a
selected normalized flow property / such that

w/ = 1 + Aff (3)

where A and B are constants related to the specified maximum
and minimum grid spacings. From Eq. (2), the maximum and
minimum allowable grid spacing occur when w/ is at its mini-
mum and maximum values, respectively. Since the normalized
flow property / varies from zero to unity, Eq. (3) states that
NW = 1 + ^ 4 and wmin = 1. Substituting these values into Eq.
(2) and rearranging yields A = Asmax/Asmin - 1, where Asmax
and Asmin are user specified maximum and minimum allowable
grid spacings. The constant B of Eq. (3) is chosen so that the
computed minimum grid spacing corresponds to Asmin, the
requested minimum grid spacing. Davies and Venkatapathy6

outline an iterative procedure for obtaining an approximate
value for B. The choice of the normalized flow property / is
described in the following section.

Summing both sides of Eq. (2), solving for K, then substi-
tuting the result for K back into Eq. (2) yields

f _i
' / = ! W/,

(4)

where smax is the total length of the coordinate line. This yields
the new grid point locations based on local flow properties.
Thus, where the weighting function w/ is large, As/ will turn
out to be small and, therefore, the local truncation error at a
point, whose leading term is proportional to w/(As/)/7, will tend
to be equidistributed over the complete domain.

If Eq. (4) is used alone to determine the new grid spacing
along each grid line, the grid will quickly become skewed due
to the lack of dependence from surrounding grid lines. To
ensure a smoother grid, there needs to be a relationship be-
tween the current grid adaptation line (where the grid adapta-
tion is to be performed) and the previously adapted grid line.
A torsional spring analogy is introduced to accomplish this
task. This procedure relates grid points along adjacent grid
lines, thus providing for a smoother grid. For each grid
point along the current adaptation line, the present work
incorporates torsional dependence from two different direc-
tions. One torsion spring extends from the adjacent coordi-
nate line directly upstream of the current adaptation line and
the other torsional influence is projected from the neighboring
grid point in the crossflow direction. To distinguish between
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Fig. 1 Three-dimensional adaptive mesh geometry.

the two, subscript s denotes streamwise torsional quantities,
whereas subscript c denotes quantities involving crossflow
torsional dependence. Using this notation and performing a
force balance along a constant f line on the resulting system of
tensional and torsional springs about the point ij in Fig. 1 , the
following system of equations is obtained:

- st) - Wi _ !(5/ - Sf - i) - K5i05i - Kcidci = 0 (5)

where s/ is the length of the current adaptation line up to the
point ij in Fig. 1 and Ksi and Kci are proportionality con-
stants. The torsion angles 6si and 0C/ can be approximated
using the notation of Fig. 1 as 05, « (sl ,-ss'i)/\EC\ and
Bci « (Sj - sc'i)/\DB I . The quantity ss'i is defined as the total
length of the coordinate line up to the location of its intersec-
tion with the streamwise torsion vector tsi. This point corre-
sponds to point C in Fig. 1. The quantity sc'- is defined simi-
larly and is the corresponding intersection point of the
crossflow torsion vector tci with the current adaptation line,
and is denoted in Fig. 1 by the point B. By substituting these
expressions for 05/ and 0C, into Eq. (5) and by rearranging and
defining rst = Ksi/ \EC I and rcl = Kci\DB I , the following lin-
ear system is obtained:

Tci)Si

= - (TyiSsi + TciSc'i) (6)

Calculation of Torsional Parameters
Equation (6) indicates that, as the terms r5, and rci become

large, the equilibrium position of the /th point approaches the
position corresponding to a weighted average of ss'i and sc'i.'
These two quantities represent the equilibrium positions of the
individual torsional springs projecting from neighboring grid
lines, denoted by the vectors ?5, and ?c/, respectively, in Fig. 1.
Thus, if Tsi = rci and both are much larger than the remaining
terms of Eq. (6), the resulting solution to Eq. (6) becomes
Sj = l/2(ss'i + sc'i). Consequently, values of ss'i and sc'i much
different from s/, the initial grid positions, can result in exces-
sive movement of grid points, even without any input from the
error measure. In the present work, to prevent excessive skew-
ing, large changes in the grid point positions are not desired
since a new solution is obtained on the updated grid surface
immediately after grid adaptation. Initially, before adaptation
and during the preliminary solution process, the downstream
side of the computational slab at the nth or current marching
station is simply a proportional duplicate of the upstream side.
After adaptation, these two sides of the computational slab
should not differ too severely from each other to permit an

improved solution during the remarching step of the solution-
adaptive procedure. If excessive skewing occurs, the solution
process becomes unstable. What is desired is that for even
larger values of r5, and rc/, the grid continually retains the
smoothness necessary for the solution on the adaptive grid.
Previous work using the current grid adaptation method has
not reported the stability and accuracy link between the grid
skewness and the solution on the adapted grid. To achieve the
precise and bounded movement required in the present solu-
tion-adaptive scheme, the values of s5' and sc' must remain
close to the preliminary grid point positions, and at the same
time, the values of r5, and rc, of Eq. (6) must be chosen so as
to hold the grid close to these locations. Only a small range of
the torsion terms will accomplish the latter part of this task.
Values of rsi and rc, too large will smother the effect of the
weighting functions, causing the grid to move independent of
the solution, whereas values that are too small permit exces-
sive movement. Davies and Venkatapathy6 assumed the con-
stants Ksi and Kci of Eq. (5) to be a function of the maximum
weighting function and the grid cell face aspect ratio. This
procedure was adopted by Harvey et al.8 However, in some
cases, the cell face aspect ratio can vary by several orders of
magnitude and, as a result, can produce unpredictable varia-
tions in the torsion terms. Djomehri and Deiwert7 assumed
that the torsion terms are proportional to an average value of
the weighting functions along the adaptation line. Using this
assumption, the resulting values of the torsion terms were
found to vary inconsistently from the remaining terms of Eq.
(6) at each point.

In the present work, a somewhat different approach is
adopted. First, to make all of the terms of Eq. (6) equal in
magnitude at each point along the adaptation line, a stiffness
parameter Q/ is defined in the following manner:

where X is a user defined stiffness safety factor and is generally
given numerical values between 10"1 and 10, and d/ = cx//a!min
is the aspect ratio of the grid cell normalized with respect to
the minimum cell aspect ratio. Each aspect ratio is computed
using the notation of Fig. 1 as follows:

DB
The value of Q/ is then divided into streamwise and crossflow
components according to the lengths of the streamwise and
crossflow torsion springs, \EC\ and \DB\, respectively:

\DB\
\EC\ + \DB\

Kci =
\EC\

\EC\ + \DB\ '

The quantities \EC I and \DB I are the lengths of the stream-
wise and crossflow torsion springs, respectively. Substituting
these expressions for the proportionality constants Ksi and Kci
into the definitions for r5/ and rc/ given earlier, the following
expressions are obtained:

\DB\ \EC\ 0,
\EC\ + \DB\ \EC\* \EC\ + \DB\ \DB\ (7)

The use of Eqs. (7) in Eq. (6) ensures that all terms of Eq. (6)
are of the same magnitude for all points along the line. When
the length of the streamwise torsion spring \EC\ is equal to
the length of the crossflow torsion spring \DB\, then the
torsional influence is distributed in the two directions equally
and, as a result, equal consideration is given to both equi-
librium positions ss'i and sc'i. When the two springs are of
unequal length (i.e., one grid line is closer to the current
adaptation line than the other), more torsional dependence
develops from the closer of the two neighboring grid lines.
Another advantage of defining the torsion terms in this man-
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ner is that a single parameter X is involved. Other formulations
of the torsion terms investigated by the present authors re-
quired the introduction of torsion parameters in each of the
two directions. As a result, two parameters were required,
both of which exhibited a strong dependence on the relative
grid scales. To the contrary, the single parameter X in the
present work was found to be relatively insensitive to the scale
of the grid due to the balance maintained in the magnitude of
the terms of Eq. (6).

A problem in the formulation for the torsional influence
arises when adapting the first grid line of each crossflow
plane. This grid line does not have a crossflow neighbor. One
method of resolving this problem is to temporarily divert all of
the torsional dependence to the stream wise direction. This
procedure was found to introduce grid irregularities along the
boundaries. Another method that is used in the present paper
and provides increased grid continuity throughout is to reflect
the grid line on the opposite side of this first line to its other
side, providing a means of crossflow support to the grid points
along the initial line at each marching station.

Determination of Reference Locations
A method of selecting ss

ft and sc'i is now presented that
prevents these quantities from varying significantly from s/,
the initial grid point positions, so that grid skewness is pre-
vented using the values of TSI and rct formulated earlier. These
quantities are selected in a manner so as to preserve the infor-
mation that ss'i and sc'i should contain concerning the direction
in which the grid should move. If the /th torsion vectors ?5/ and
tci are allowed to cross the current adaptation line at positions
greater than the point / + 1 J, n or less than / - 1J,n of Fig. 1,
then, for sufficiently high values of rsi and rc/, the grid can
become unacceptably distorted. The quantities ss'i and sc'i
should represent the positions the /th grid point must take in
order that the grid acquire the desired amounts of straightness
and orthogonality in the stream wise and crossflow directions.
If, before adaptation, the initial distribution of grid points
does not comprise a grid that is as straight or orthogonal as
desired, the amount of point movement needed to obtain these
characteristics may exceed the amount of movement that can
be tolerated by the second solution step. Thus, to provide a
more useful solution-adaptive scheme, grid point motion must
be further limited, allowing only incremental movement at
each marching station and not permitting straightness and
orthogonality constraints to be satisfied too rapidly.

The torsional reference vectors tsi and ?c/ are constructed
from grid orthogonality and straightness vectors. For exam-
ple, the crossflow torsion vector ?c, is then defined as

tci = CcSCi + (1 - Cc)nci (8)

In Eq. (8), the vector nci represents local grid orthogonality
and is computed as an average of the normal to the current
grid line and the normal to the adjacent grid line in the
crossflow direction. The vector sci is a measure of local grid
straightness and is computed as the vector from the point
ij - 2,n to the point ij - \,n (point D of Fig. 1). The con-
stant Cc can range from zero to unity and represents the
proportion of grid orthogonality to straightness restrictions
imposed on the equilibrium position of the torsional springs in
the crossflow direction. A value close to zero enforces more
orthogonality, whereas values closer to unity provide more
grid straightness. As before, subscript c of Eq. (8) denotes
crossflow quantities. The straightness vector in the stream wise
direction ssi is computed as the vector from the point ij,n - 2
to the point ij,n - 1 of Fig. 1 and is used in a similar formu-
lation for ?5/, the streamwise torsion vector.

If a torsional reference vector is allowed to cross outside the
bounds of the points / - lj,n and / + lj,n of Fig. 1, then a
situation arises whereby grid points can either cross one an-
other or become severely skewed. To remedy this potential

problem, each torsion vector ?/ is limited so that its intersec-
tion point is within ViAs/ of s1/ (or ^As/.i, depending on
which side of the /th point ?/ crosses). This imposes further
limitations on grid point motion, and a greater range of values
for TSi and rc, exists for which the remarching step of the
solution-adaptive scheme remains stable.

There is no guarantee that tsi will intersect the current
adaptation line at all, and in general, it̂  rarely does. To assign
an approximate value to s5/, the vector tsi is projected onto the
current adaptation line in a manner that will preserve the
information concerning grid characteristics supplied by the
values of ss'i and sc'i. The shaded plane in Fig. 1 is the plane
containing the torsion vector ?5 ̂  and a vector denoted as p ,
which is taken as the normal to tsi and fk , a unit vector in the
direction of the current line segment. The index k denotes
either / or / - 1, depending on whether tsi subtends above or
below, respectively, of the /th point along the current adapta-
tion line (point A of Fig. 1). Point C is then found to be the
point where rk intersects the plane of tsi and p . As mentioned
earlier, the distance \AC\ is limited to a maximum value of
VzAsyt, and if it exceeds this value, it is reset to ViAs*.

For the present work, a constant £ surface corresponds to a
constant x plane in physical space, which is planar, and the
line segments \DB I and \AB I are easily found from the
simultaneous solution of the y and z components of the fol-
lowing vector equation:

\DB\tci = \AB\f k

where DA is a vector from point D to point A of Fig. 1 , ?c/ and
fk are unit vectors in the indicated directions, and as before,
the index k denotes / or / - 1 , depending on whether ?c, crosses
above or below the /th point. In general, the planar assump-
tion is not required, and if not present, a three-dimensional
analysis similar to that described earlier for evaluating ?5/
would be needed to evaluate the intersection point of ?c, and
fk. To further limit point movement and increase the stability
of the improved solution step for a wider range of TC|, the
distance \AB I of Fig. 1 is also limited to VzAs*.

Once the points B and C of Fig. 1 are located, ss'i and sc'i are
computed as the arc length of the adaptation line up to these
points. These values of s5' and sc'i provide Eq. (6) with an
additional force acting on the grid points, pulling them in the
direction they must move in order that grid straightness and
orthogonality requirements must be satisfied. Equation (6) is
tridiagonal, and can then be solved easily for sit the final grid
point positions. This is done in an iterative manner, interpo-
lating the weighting functions at each iteration until the grid
becomes stationary.

Adaptation Boundaries
The adaptation domain, in the present work, can include all

or be a subset of the entire solution domain. Special proce-
dures are necessary at the boundaries of the adaptation do-
main so as to allow a smooth transition of the grid into the
adaptation domain. At each adaptation line, a specified edge
spacing Asedge is defined as either a required wall spacing if the
adaptation domain is adjacent to a solid boundary or as the
grid spacing immediately outside the adaptation domain if it is
a subset of the entire domain. Once Asedge is specified, a few
simple modifications to Eq. (6) are imposed to ensure that the
resulting edge spacing meets this requirement. First, ss\ and
sc\, the equilibrium positions of the torsion springs at the
boundary, are reset to Asedge. The stiffness factor X is in-
creased slightly in this region to hold the points at these
positions. To provide a smooth transition at the boundary, the
differences 5/1 - As-edge and sc'i - Asedge are then distributed
into the adaptation domain by adjusting s5/ and sc'i, respec-
tively, in a manner so as to ensure that they remain monoton-
ically increasing.

Another precaution taken to ensure spacing continuity at
the boundaries of the adaptation domain is to adjust the
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weighting functions in this region. Since the product w/As/ is
assumed constant along the grid line, the edge weighting func-
tion >V! is redefined as Wi = P/Asedge, where P is an average
product w/As/ over the grid line. The surrounding weighting
functions are then adjusted to provide a smooth transition.

Estimation of Solution Error
The selection of a solution error measure or weighting func-

tions and the normalized flow variable/used to drive the grid
adaptation is considered in this section. Ideally, it is desired to
minimize the truncation error and distribute the error uni-
formly over the computational domain. The truncation error
is generally proportional to (As)n dn</>/dsn where n denotes the
order of accuracy.

As in many of the studies on solution-adaptive gridding, a
linear combination of gradients and curvature of selected de-
pendent and/or physical variables is used here as weighting
functions. Finding a flowfield variable that will consistently
represent solution error in all regions of the solution domain is
difficult, if not impossible. Some variables change very
rapidly in certain regions, but remain fairly smooth in other
regions where another variable could be undergoing severe
change. In the present study, an algorithm developed earlier
by Harvey et al.8 is used to automatically choose which vari-
ables are to represent the weighting function at each grid point
location. The scheme computes gradients and/or curvature of
each user specified variable and then, after normalizing each
of these, chooses the largest in magnitude to represent the
weighting function at each point.

The normalized flow variable J/ at the /th point along the
current coordinate line is computed as

ft ~/min

./max Jmin
(9)

where// is a linear combination of the gradients and curvature
of the dependent flow variables <t>k:

where

= max ds ds2 = max a2*/
ds2

for all specified <j>k, i.e., Mach number, pressure, density, etc.
Hence, the gradients of all selected flow variables are com-
puted, then the maximum is chosen to represent/ at each
point along the current adaptation line. The constants a and 0
are specified by the user. All numerical results of the following
section were obtained using values of a and 0 equal to unity
and zero, respectively.

Test Results
The three-dimensional solution-adaptive PNS algorithm is

tested on the hypersonic flow over a 10-deg right-circular cone
yawed in its symmetry plane at varying angles of freestream
incidence ot. The flowfield conditions were chosen to match
those of the experimental study conducted by .Tracy.14 These
conditions are M«, = 7.95 and Re/1 = 0.414 x 106 with 7 =
0.1016 m (4 in.) as the total length of the cone. The freestream
and wall temperatures are T*> = 55.4 K and Tw = 309.8 K and
7= 1.4, Pr = 0.72.

Results have been obtained for the flow over a circular cone
at angles of incidence of 8, 16, and 24 deg using both solution-
adaptive and fixed grids. For each of these cases, a conical
starting solution was obtained at x = 0.002 m by employing a
stepback procedure and using a fixed conical grid. After this
starting solution was obtained, the solution-adaptive march-
ing procedure was employed to a marching station corre-

sponding to x - 0.1016 m for each of the three angle-of-inci-
dence cases studied.

Quite frequently, optimum values of user parameters for
adaptation in different crossflow directions can vary. For the
8- and 16-deg angle-of-incidence cases, the stiffness parameter
X of Eqs. (7) was given values of 0.2 and 2.0 for radial and
circumferential adaptations, respectively. For the 24-deg an-
gle-of-incidence case, the values of X used were 0.5 and 5.0
for radial and circumferential adaptations, respectively. The
orthogonality to straightness parameter in the streamwise di-
rection Cs of Eq. (8) was given a value of 0.5 for all angle-
of-incidence cases, whereas the crossflow orthogonality to
straightness parameter Cc was given values of 0.5, 0.6, and
0.35 for the 8-, 16-, and 24-deg angle-of-incidence cases, re-
spectively.

Mach number, pressure, and density are the three variables
used in the weighting function selection procedure when
adapting in the radial direction. For circumferential grid adap-
tations, the objective was to increase grid resolution on the
leeward side of the cone in the circumferential direction. In an
attempt to artificially resolve a region of the flowfield known
to contain additional complexities, boundary-layer thickness
was added to this list of adaptation variables when adapting
circumferentially. At each circumferential grid point location,
the boundary-layer thickness adjacent to the grid point was
computed and normalized with respect to the maximum value.
If this value at a point was greater than the gradients of the
previously listed variables, then boundary-layer thickness was
chosen as the weighting function at that point [i.e., boundary-
layer thickness was included as the kih value of 150/755 I* of
Eq. (9)]. The maximum value of boundary-layer thickness
occurs at the leeward meridian for a cone at angle of inci-
dence, whereas the maximum circumferential pressure gradi-
ent occurs closer to the windward meridian. The net effect of
using boundary-layer thickness when adapting in the circum-
ferential direction was a slight increase in the grid resolution at
the leeward side of the cone compared to cases that did not
include the boundary-layer thickness as an adaptation vari-
able. Additional discussion on the present use of boundary-
layer thickness to control grid point movement will be pro-
vided in the following sections.

Adaptation sweeps were performed in both crossflow direc-
tions at each marching station. The circumferential sweep at
each marching station was performed by starting at the cone
surface and moving outward. However, the direction of the
radial sweeps alternated, sweeping one crossflow surface from
the windward to leeward meridian and the next surface from
leeward to windward, etc. These alternating direction sweeps
in the radial direction permit information to propagate from
both directions, contributing additional smoothness to the
grid.

Grids and Contour Plots
8-Degree Yaw Angle

For the 8-deg angle-of-incidence case, a 65 x 65 crossflow
grid was used for both fixed and solution-adapted cases. Fig-
ure 2 illustrates a sectional view of the resulting solution-
adapted computational grid. Grid point clustering is observed
at the bow shock location as well as in the boundary layer
from the windward to the leeward side of the cone. For this
case, the angle of incidence is less than the cone angle; thus,
the boundary layer remains attached up to the leeward merid-
ian in the crossflow plane. However, the boundary layer thick-
ens as the flow moves toward the leeward meridian in the
crossflow direction, and as this thickening progresses, the grid
adaptation supplies the boundary layer with additional grid
points.

Figure 3 shows contours of constant Mach number at an x
location of A: = 0.1016 m. Improvements in bow shock resolu-
tion are observed in the solution obtained using the adapted
grid over that of the fixed grid. The inverted triangle symbols
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27x65x65 Grid
Meo = 7.95
Ref =420,000
a =8deg

Fig. 2 Sectional view of solution-adapted computational grid.

EXPERIMENT
Q Shock location
V Boundary-layer Edge

65 x 65 Grid
M^ = 7.95
Rer =420,000

Fig. 3 Comparison of Mach number contours at x ••
half, fixed grid; right half, solution-adapted grid.

0.1016 m: left

of this figure indicate the boundary-layer edge deduced exper-
imentally by Tracy,14 whereas the circles indicate experimen-
tally determined shock wave location. The locations of these
features, as observed by Tracy,14 are well predicted by the
solution-adaptive PNS solver.

16-Degree Yaw Angle
A 70 x 70 crossflow grid was employed for both fixed and

adapted cases at a 16-deg angle of yaw. Figure 4 shows a
sectional view of the resulting solution-adapted grid for this
case. This figure illustrates the true three-dimensional nature
of the present problem. Each crossflow plane has been
adapted in both crossflow directions. The torsional influence
in the streamwise direction has prevented relative skewness
between adjacent crossflow planes, permitting the marching
process to proceed without interruption. The position of the
bow shock surface is marked by the outermost grid clustering
that extends around the entire figure. Also evident in this
figure is a gradual thickening of the clustering region near the
cone surface in the circumferential direction illustrating the
cross-stream structure of the boundary layer. Its point of
separation from the cone surface is marked by the breakup of
this grid clustering region. The grid points remain clustered in

the detached viscous layer until a second division of the clus-
tering region occurs where the flow rolls up into a vortical-like
structure.

For the 16-deg angle-of-incidence case, the radial adapta-
tion process at each marching station was performed by
sweeping grid lines from the windward meridian to the lee-
ward meridian. On the other hand, for the 8-deg angle-of-inci-
dence case, the direction of radial adaptation sweeps was
alternated at each successive marching station as described
earlier. The absence of alternating direction adaptations can
cause a slight waviness to appear in the grid, as seen in the
leeward symmetry plane of Fig. 4. This waviness is not present
in the grid of Fig. 2 where the alternating direction technique
was employed.

When the angle of incidence is increased from 8 to 16 deg,
it becomes greater than the cone half-angle and, as a result, a
region of crossflow separation develops on the leeward side of
the cone where the viscous layer detaches from the cone sur-
face. This separation results from the increasingly adverse
crossflow pressure gradient on the leeward side of the cone. A
rotational feature in the flowfield is evident in the solution-

39x70x70 Grid
M00 = 7.95

=420,000
16 deg

Fig. 4 Sectional view of solution-adapted computational grid.

70 x 70 Grid
= 7.95

420,000
a = 16 deg

Fig. 5 Comparison of crossflow computational grids at x
m: left half, fixed grid; right half, solution-adapted grid.

= 0.1016



HARVEY, ACHARYA, AND LAWRENCE: SOLUTION-ADAPTIVE GRID PROCEDURE 959

EXPERIMENT
Q Shock location
v Boundary-layer Edge
A Minimum pilot-pressure

70x70 Grid
M00 = 7.95
Rej =420,000
a = 16 deg

Fig. 6 Comparison of Mach number contours at x --
half, fixed grid; right half, solution-adapted grid.

0.1016 m: left

adapted mesh shown on the right half of Fig. 5. Increased grid
clustering is observed around the bow shock region and de-
tached shear layer. The clustering region on the leeward side
of the cone and situated about halfway between the top of the
detached shear layer and the cone surface is due to the circum-
ferential grid lines attempting to roll up and imitate the shape
of the existing crossflow vortical structure.

The experiments of Tracy14 detect weak embedded cross-
flow shock waves at the onset of the separation region where
the Mach number due to the cross-stream velocity components
exceeds unity. The experimentally observed positions of these
embedded shocks in addition to the bow shock position are
illustrated by the overlaid circles of Fig. 6. Again, excellent
agreement in the experimentally observed position and the
computed position of the bow shock is observed for both the
fixed and adapted grid solutions. The Mach contours of Fig.
6 also show improved resolution of the bow shock for the
solution-adapted case over the fixed grid case. However, the
embedded shocks are not evident in the Mach contours of this
figure due probably to their relative weak strength. The in-
verted triangle and triangle symbols of Fig. 6 show the loca-
tions of the outer and inner edges, respectively, of the de-
tached viscous layer. These experimental data were deduced
from the pitot pressure measurements of Tracy.14

24-Degree Yaw Angle
When the angle of incidence is further increased to 24 deg,

additional thickening of the separated region occurs at the
leeward side of the cone. The viscous layer starts out running
along the cone surface in the circumferential (crossflow) direc-
tion. Close to the leeward side it separates from the surface
and turns sharply upward becoming vertical, running parallel
to the leeward symmetry plane and away from the cone sur-
face. The detached viscous layer then turns sharply back to-
ward the symmetry plane, intersecting normal to it. Because of
the abrupt changes in the direction of this shear layer, the
adaptive grid algorithm has to choose which family of coordi-
nate lines is best suited to resolve this shear layer while simul-
taneously maintaining a sufficient degree of orthogonality.

Figure 7 shows a grid comparison for the fixed (left-half)
and solution-adapted (right-half) cases, each side consisting of
a 90 x 90 grid. Grid point clustering is observed where the
viscous layer detaches from the cone surface and turns up-
ward. Before this change in direction, the viscous layer is
running essentially parallel to the circumferential family of
grid lines and can easily be resolved by them. However, fol-
lowing its detachment, the viscous layer turns almost normal
to circumferential lines, making it difficult for them to adjust
and, due to orthogonality restrictions, disallows any signifi-
cant resolution from coordinate lines of the opposite family.
This lifting of the circumferential lines also causes the radial
lines to bend inward, away from the symmetry plane, leaving
less grid resolution in this region.

Mach number contours are plotted in Fig. 8 for both the
fixed grid (left-half) and adapted (right-half) cases at a 24-deg

90x90 Grid
M00 = 7.95
Ref =420,000

24 deg

Fig. 7 Comparison of crossflow computational grids at x = 0.1016
m: left half, fixed grid; right half, solution-adapted grid.

EXPERIMENT
O Shock location
V Boundary-Layer Edge
^ Minimum pilot-pressure

90x90 Grid
Meo = 7.95
Rej =420,000
a =24 deg

Fig. 8 Comparison of Mach number contours at x = 0.1016 m: left
half, fixed grid; right half, solution-adapted grid.
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90 x 90 Grid

Ref =420,000
a = 24 deg

Fig. 9 Comparison of crossflow computational grids at x = 0.1016
m: left half, adapted in radial direction only; right half, adapted in
circumferential direction only.

yaw angle. The overlaid circles represent shock wave positions
as observed experimentally by Tracy.14 The inverted triangles
and triangles represent the outer and inner edges, respectively,
of the shear layer as deduced from the pitot pressure measure-
ments of Tracy.14 An increase in resolution of the top of the
shear layer can be seen in the adapted side of this figure,
although this increase in resolution is less apparent for the
portion of the shear layer that runs almost vertically upward.
This loss of resolution is due to rather strict orthogonality
constraints imposed on the grid.

In an attempt to resolve as much of the detached shear layer
on the leeward side of the cone as possible, solution-adaptive
calculations were performed by adapting the grid in each
crossflow direction separately. The resulting grid for the radial
adaptations is illustrated by the left half of Fig. 9, whereas the
right half resulted from adapting in the circumferential direc-
tion only. As in Fig. 7, both halves of this figure consist of a
90 x 90 computational grid. Figure 9 illustrates how each co-
ordinate line family resolves the detached shear layer while
simultaneously attempting to maintain a minimum degree of
grid orthogonality. For the radial adaptations (left half of Fig.
9), grid lines on the leeward side of the cone must first turn
sharply away from the cone surface and then turn back nor-
mal to the leeward meridian in order to resolve the detached
shear layer all the way to the top. Some of the grid orthogonal-
ity is lost due to these sharply turning circumferential lines of
the left half of Fig. 9, more so in the region where the detached
shear layer becomes almost normal to the cone surface. The
radial adaptations alone (left half of Fig. 9) did very well in
clustering grid points in the bow shock location. The resulting
crossflow grid is accurately aligned with the bow shock the
entire length of the grid, from windward to leeward meridians.
This increase in alignment and resolution throughout the grid
of Fig. 9 (left side) resulted from performing the radial adap-
tations using the alternating direction sweeping technique,
which allows for information to propagate from both sides of
the grid (windward and leeward meridians).

About halfway between the top of the shear layer and the
cone surface at the leeward meridian, another grid clustering
region exists inside the detached shear layer. This same type of
grid structure was also observed in Figs. 5 and 7 at about the
same location.

The circumferential only adaptations in the right half of
Fig. 9 illustrate improvements in circumferential grid resolu-
tion at the leeward symmetry plane over the multidirectional
adaptations of Fig. 7. The reason for this behavior can best be
explained with a discussion on the manner in which flowfield
gradients used in constructing the weighting functions are
computed. The derivatives are computed in the direction of
the grid line. In the present test cases, as a result of the radial
grid adaptation sweep, circumferential grid lines tend to align
themselves with the detached shear layer at the leeward side of
the cone. Consequently, when the circumferential adaptation
sweep is performed, the weighting function is computed as a
derivative in the direction of the grid line (no longer in a strict
circumferential orientation), which runs parallel with the
shear layer. For the circumferential only adaptations of Fig. 9,
the positions of the circumferential grid lines were not dis-
turbed by radial adaptations and, unlike the multidimensional
adaptation cases, cut directly through the shear layer, in a
direction of strong flowfield gradient. When adapting in both
directions simultaneously, the circumferential grid lines be-
come parallel with the detached shear layer, along which there
are no strong gradients to use as weighting functions. This is
another reason the authors opted to modify the weighting
function with boundary-layer thickness for circumferential
adaptations when adapting in both crossflow directions simul-
taneously.

No improvements are seen in the grid resolution in the
vicinity of the bow shock due to the lack of radial adaptations.
For each half of Fig. 9, the grid can be seen to cluster around
the separated shear layer all the way to the top, as desired.

Figure 10 shows Mach contours overlaid with the symbols
as in the previous angle-of-incidence cases. The left half of this
figure shows improvements in bow shock resolution over all of
the 24-deg angle-of-incidence cases presented thus far. The
detached shear layer in both halves of Fig. 10 (unidirectional
adaptations only) is more clearly resolved than in either half of
Fig. 8 (fixed grid or multidirectional adaptation cases). The
increased circumferential resolution provided by the circum-
ferential only adaptations (right half of Fig. 10) allows for a
more clearly defined viscous layer, which extends slightly
higher than the viscous layer predicted with the fixed grid.

EXPERIMENT
O Shock location
V Boundary-Layer Edge
^ Minimum pilot-pressure

90x90 Grid
Meo = 7.95 '
Ref =420,000
a =24 deg

Fig. 10 Comparison of Mach number contours at jc = 0.1016 m: left
half, adapted in radial direction only; right half, adapted in circumfer-
ential direction only.
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— - — Adapted a= 8 deg
— — Fixed a= 8 deg

A Exp. a» 8 deg
— - - - - - - Adapted <x=16deg

Fixed a= 16 deg
0 Exp. a= 16 deg

———— Adapted oc»24deg
(circumferential only)

— — Adapted a-24 deg
(radial only)

—-- - Fixed a«24deg
0 Exp. a- 24 deg

0.00 0.05 0.10 0.15 O.EO 0.25

NORMALIZED NORMAL DISTANCE, h/T
Fig. 11 Comparison of pitot pressure profiles at leeward meridian.
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Fig. 12 Circumferential surface pressure distributions at x = 0.1016 m.

This same degree of resolution is also observed using radial
adaptations alone (left half of Fig. 10), although a slight
waviness exists in the vertical portion of the shear layer due to
the lack of grid orthogonality in this region. The inner portion
of the viscous layer that was predicted with either of the
unidirectional adaptations of Fig. 10 is more clearly defined
than that predicted using either the fixed grid or the multidi-
rectional adaptations of Fig. 8.

No significant improvement can be detected in the resolu-
tion of the embedded shock waves, even with the use of the
adaptive grid. This is due primarily to an insufficient number
of radial grid lines available to cluster in these regions. For
circumferential adaptations alone, all available grid points

move toward the shear layer, leaving less grid resolution in
embedded shock regions. These embedded shock waves as
observed by Tracy14 are indicated by the overlaid circles ema-
nating from the detached portion of the shear layer in a
lambda shaped pattern.

Pressure and Mach Number Comparisons
Figure 11 shows a comparison of pitot pressure profiles in

the leeward meridian plane for all three angle-of-incidence
cases using both solution-adapted and fixed grids with experi-
mental results obtained by Tracy.14 The results for the solu-
tion-adapted cases show improvements over the fixed grid
cases at all angles of incidence. The experiments show an
abrupt increase in the pitot pressure at the inner edge of the
detached shear layer. The solution-adapted 24-deg angle-of-
incidence cases predict this feature in the shape of the pitot
pressure profile fairly well. The 24-deg fixed grid solution
predicts a more gradual rise in pitot pressure through the
detached shear layer. The solution-adaptive PNS solver under-
predicts the slight bulge in pitot pressure that exists near the
cone surface. One possibility that may improve the prediction
of this feature is to adapt the points on the surface of the cone,
thus allowing for a finer circumferential grid resolution near
the cone surface. In all cases presented for this work, the
surface points were not permitted to move. Because of orthog-
onality constraints at the surface, the movement of grid points
a small distance above the surface was limited, disallowing
further circumferential grid refinement. Pitot pressure predic-
tions for the 24-deg cone case using multidirectional adapta-
tion sweeps were found to be only slightly better than those
predicted using the fixed grid and are not included in Fig. 11.

Figure 12 compares circumferential pressure distributions
with those obtained experimentally by Tracy14 at a marching
station corresponding tox = 0.1016m. The results computed
with the solution-adaptive PNS solver agree very well with
experiment; agreement is not significantly influenced by the
adaptation of the grid.

Figure 13 compares Mach number profiles at the leeward
meridian in the bow shock region for each cone case. Slight
improvements can be seen in the resolution of the bow shock
for the 8- and 24-deg (radial only) adapted cases. The 16-deg

— - — Adapted a= 8 deg ———— Adapted a= 24 deg
— •— Fixed a=8deg (circumferential only)
— - - - - - - Adapted a=16deg — — Adapted ot=24deg

Fixed a* 16 deg (radial only)
— — — - Fixed a= 24 deg

7.8

7.6

7.3

7.0

J

Fig. 13

0.0 0.1 0.2 0.3 0.4

NORMALIZED NORMAL DISTANCE, h/T
Comparison of Mach number profiles at leeward meridian.
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angle-of-incidence case shows less improvement due to the
lack of grid resolution in this region (see Fig. 5) due primarily
to the lack of alternating direction sweeps for this case as
discussed in a previous section. In adapting the grid for the
16-deg cone case, the radial adaptations were performed by
sweeping lines from windward to leeward only. For the 8- and
24-deg (radial only) cases, the alternating technique discussed
earlier was employed, allowing information to propagate from
both leeward and windward sides of the cone.

Concluding Remarks
A three-dimensional solution-adaptive grid procedure has

been developed and used with a parabolized Navier-Stokes
solver. The method of grid adaptation involves the efficient
redistribution of grid points along each computational coordi-
nate line using an equidistribution concept. Grid point motion
is bounded so as to prevent excessive grid skewness and allow
for uninterrupted recomputation of the flowfield on a smooth
adapted marching surface/The adaptive grid algorithm pro-
vides improved shock resolving characteristics over the con-
ventional flow algorithm and exhibits the ability to align grid
lines with existing flowfield structure. However, as the 24-deg
angle-of-incidence cone case indicates, the present multidirec-
tional adaptive grid method experiences difficulty resolving
flowfields where flow structure changes direction abruptly.
When one family of computational coordinates is aligned with
a flow structure that is changing direction very rapidly, it
becomes difficult for the opposite family of coordinates to
align with the same structure and still maintain grid orthogo-
nality. It has been demonstrated that the use of the solution-
adaptive algorithm significantly enhances the prediction of
pitot pressure on the leeward side of cones at various angles of
incidence. The surface pressure is unaffected by the adapta-
tion of the grid, due primarily to the relative fine clustering of
the fixed grid in this region.
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